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We theoretically investigate the spin diffusion coefficient tensor in the A phase of liquid 3He in term of
quasiparticle life-time by using the Kubo formula approach at low temperatures. In general, the coefficient
is a fourth rank tensor for the anisotropic states and can be defined as a function of both normal component
of spin-current and magnetization. The quasiparticle life-time is obtained by using the Boltzmann equation.
We find that components of the spin diffusion coefficient are proportional to T−2 at low temperatures. The
normal components of spin current, hence, are strongly diffusive and one can ignore the contribution of these
components to the stability of half quantum vortices (HQV s) in the equal-spin-pairing of 3He−A state. Hence
to make a stable HQV , it is enough for one to consider weak interaction plus the effects of Landau Fermi liquid.
PACS numbers:
1. INTRODUCTION
After the discovery of new phases of 3He , a large amount of theoretical effort has been done on the spin collective
excitations1,2. One view to the liquid phase of 3He contains two normal and superfluid parts which at 3 × 10−3 Kelvin the su-
perfluid part starts to be occurred mostly in triplet pairing1,2. The spin triplet pairing in the superconductor compound Sr2RuO4
bellow 1.5 Kelvin is observed experimentally3 like the A phase of superfluid 3He . The main similarity between 3He − A
and Sr2RuO4 phases is that only Cooper’s pairs correspond to pair spin projections Sz = 1 and −1 or equal-spin-pairing
(ESP ) in these phases. The normal state properties of Sr2RuO4 are obtained in terms of a quasi two dimensional Fermi liquid
quantitatively3 whereas 3He − A is a three dimensional Fermi liquid. This discrepanting manifest itself on the structure of the
gap energies of them. The triplet pairing contains particles with the same spin directions that phenomenon leads to spin current.
In two fluid model, this spin current includes normal and condensate (Cooper’s pairs) components. The spin current of Cooper’s
pairs leads to interesting and important phenomena such asHQV s in theESP state. Unlike common vortices, the half-quantum
vortices contain half-integer multiplications of the flux quantum Φ0 = hc/2e .
Vakaryuk and Leggett4 represented a different analysis in the equal-spin-pairing superfluid state for a HQV . They used a BCS
like wave function with a spin-dependent boost and predicted that in the stability of HQV an effective Zeeman field exists. In
the thermodynamic stability state, the effective Zeeman field produces a non-zero spin polarization in addition to the polarization
of external magnetic field. In their theory the effect of diffusive flow of the normal component did not take in to account. In this
paper we show that only at very low temperature this is the case and in some limits of temperature the normal component might
be not diffusive and take part in stability of HQV .
2. THEORETICAL APPROACH
Our formulation on spin diffusion coefficient is mainly concentrated on the Kubo formula approach5. For the A phase of 3He
superfluid it is briefly written in the following.In general, the spin diffusion D is a fourth rank tensor which may be explained
by the relation:
J(n)iα =
∑
βjl
Dαβij (
∂
∂xβ
)(Sj − χjlHl), (1)
where Jn, S,H and χ are the spin current dyadic of the normal component, the magnetization, the static magnetic field, and the
static magnetic susceptibility tensor, respectively. For the moment the dipole forces are ignored and according to the conservation
law one can write:
(
∂Si
∂t
) + (
∂
∂xα
)Jiα = 0, (2)
in which the components of the total spin current J are
Jiα = J(n)iα + J
(s)
iα and J
(s)
iα = (
1
2m
)ραβij Ωjβ , (3)
2here Ωjβ is the component of the spin superfluid velocity dyadic5. The dynamic susceptibility tensor is defined by:
S(k, ω) =
∑
j
χij(k, ω)Hj(k, ω). (4)
By substituting Eq. (3) and Eq. (1) in Eq. (2), and to compare with Eq. (4) is obtained:
lim
ω→0
lim
k→0
ω
k2
χ
′′
il(k, ω) =
∑
αβj
Dαβij k̂αk̂βχjl, (5)
here χ′′il(k, ω) is the imaginary part of the spin dynamic susceptibility χil(k, ω). Following Kadanoff and Martin’s procedure
on the imaginary part of the dynamic susceptibility with the anti-commutator of the magnetization in the normal phase one may
generalize their result to the anisotropic superfluid states5. In the absent of the dipole interaction one may write:
〈{Si(r, t), Sj(r
′
, t
′
)}〉 =
∫
dω
pi
∫
dk
(2pi)3
coth(
βω
2
)χ
′′
ij(k, ω)× exp[ik.(r − r
′
)− iω(t− t
′
)]. (6)
With suppose that only the spin current associated with the normal component takes part in the diffusive flow, the effects of
the superfluid component being negligible. By using Eq. (6) and Eq. (2) in Eq. (5), is obtained
Dαβij χjl =
1
4
β lim
ω→0
∫
∞
0
dr
∫
dt eiωt〈{J(n)iα (t), J
(n)
lβ (0)}〉, (7)
〈〉 represents the expectation value in the equilibrium ensemble. By introducing the correlation function K(τ) as Kαβij (τ) =
〈Tτ{J(n)iα (τ), J
(n)
jβ (0)}〉 in which the time τ varies between −β to +β. The spin diffusion coefficient D may be written in terms
of the correlation function5;
Dαβij χjl =
1
4
lim
ω→0
ImKαβil (τ)(k = 0, iωl → ω + iη)
ω
, (8)
where
Kαβij (ωn, k) =
µ2
8m2
∫
d3p
(2pi)3
1
β
∑
m
eξmη(kα + 2Pα) + (kβ + 2Pβ)×
Tr[αiG(k + P, ωn + ξm)αjG(P, ξm)]. (9)
in which αi are the Pauli matrices in the four-dimensional representation. After a bit of algebra Eq. (8) can be written as:
Dαβij χjl =
βχnV
2
F (1 +
1
4Z0)
32
∫
dξ
dΩ
4pi
dω
2pi
p̂αp̂β sech
2(
βω
2
)×
Tr{αi[G(P, ω+)−G(P, ω−)]αl[G(P, ω+)−G(P, ω−)]}. (10)
For the 3He−A phase, the Green’s function may be written as
G(p, ω) =
ωZp(ω) + ξρ3 × 1− Zp(ω)∆(α.d)σ2 × ρ2
ω2Z2p(ω)− ξ
2
p − Z
2
p(ω)∆
2(Ω)
, (11)
where Zp(ω) is the re-normalization function. We define d ≡ − 12 i
∑
α,β(σ2σ)αβ∆αβ and use G(p, ω) for obtaining D
αβ
ij χjl;
Dαβij χjl = βχnV
2
F (1 +
Z0
4
)
∫
dΩ
4pi
p̂αp̂β
∫
∞
∆
dω
sech2(βω2 )
8Z2(ω2 −∆2)
3
2
× [(2ω2 −∆2)δil +∆
2didl], (12)
here Z2 is the imaginary part of Zp(ω) and is simply handled by using the poles of the single-particle Green’s function to define
the quasiparticle energy and lifetime. Hence to lowest order in the imaginary parts we may write
Z2 =
EZ1(E)
2τ(E, T )(E2 −∆2)
. (13)
3Therefor, the spin diffusion coefficients for the 3He−A phase are written as
Dαβij χjl = χnV
2
F (1 +
Z0
4
)
∫
dΩ
4pi
p̂αp̂β
∫
∞
0
dξ sech2(
βE
2
)×
βτ(E, T )
4Z1(E)
[2δil −
∆2
E2
(δil − didl)]. (14)
The above formula has been obtained with the condition ωLτD < 1 where ωL is the Larmor frequency and τD is the spin
diffusion lifetime. As to the experimental values of ωL6 this condition is fulfill even at very low temperatures. Hence, we may
compute τ(E, T ) at low temperatures. In this limit of temperature only the quasiparticles which are located at the nodes of the
gap energy in the 3He−A state take part to scattering processes and we may write7
τ−1(E, T ) = (
piθ2m
256εF
)A2s
[(pikBT )
2 + E2]
[1 + exp(− E
kBT
)]
(15)
where8 θm ≃ pikBT∆(0) ,As =
∑
l Sl ,Sl = A
s
l − 3A
a
l and A
s,a
l =
F
s,a
l
[1+
F
s,a
l
(2l+1)
]
, where F s,al are the Landua’s parameters7.
Finally, the spin diffusion coefficient in 3He − A phase at low temperatures are Dzzzz = Dzzxx ≃ 3Dzzyy = C/T 2 in which
C ≃
16V 2F (1+F
a
0 )εF ~
A2spi
2k2
B
.
As it can be understood at low temperatures, the spin diffusion coefficients increase as T−2 and the normal components of
spin current are strongly diffusive and one can ignore the contribution of these components to the stability of HQV .
3. CONCLUSIONS
In conclusion, we have investigated the temperature dependance of spin diffusion coefficient of superfluid 3He − A at low
temperatures. We have employed the Kubo approach and derived the spin-diffusive coefficient of A phase of the Liquid 3He
in term of quasiparticle life-time. The quasiparticle life-time is obtained by using the Boltzmann equation. We have found
that the spin-diffusive coefficients at low temperatures regime are proportional to 1/T 2. The finding suggests strongly diffusive
normal components of spin-current and then weak contribution of them to the stability of the half-quantum vortex state. Our
work of agreement with the assumption is in the recent work by Vakaryuk and Leggett4. The authors study the half-quantum
vortex phenomenon in the absence of normal components of spin-current at T = 0 and show the possibility of formation of the
half-quantum vortices in the equal-spin paring of Landau Fermi liquid. The normal components of spin-current are important
quantities which might generate important influences and our findings show good agreement with their assumption regarding
the spin-current.
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